LIE SUPERALGEBRA STRUCTURES IN C'{q]q) AND H'{Q;g) 

ALEXEI LEBEDEVi, DIMITRY LEITES^, ILYA SHERESHEVSKIli 
To Arkady Lvovich Onishchik. 

Abstract. Let n = Dect(M) be the Lie (super)algebra of vector fields on any connected 
(super)manifold M; let H be the change of parity functor, C and W the space of j-chains 
and i-cohomology. The Nijenhuis bracket makes £. = n(C'''"^(n; n)) into a Lie superalgebra 
that can be interpreted as the centralizer of the exterior differential considered as a vector 
field on the supemianifold M — [M, il(M)) associated with the de Rham bundle on M . 
A similar bracket introduces structures of DG Lie superalgebra in £. = n(C'"'"^(n; n)) and 
[. = n(i7'+^(n; n)) for any Lie superalgebra n. We explicitly describe (1) the algebras [q 
for the maximal nilpotent subalgebra n of any simple finite dimensional Lie algebra q and 
(2) the whole of [. for Q = Q2 which conjecturally has an archetypal structure, and in the 
exceptional cases: g — sl(2) and sl(3); in we also list the homologic elements (odd 
elements x such that = 0). We observe that if the bracket in n vanishes identically, 

as is the case for Hermitean symmetric spaces X = G/P, the differential d is also zero and 
[. = t)ect(dimn(n)), a simple Lie superalgebra. 

We briefly review related results by Grozman, Penkov and Serganova, Poletaeva, and 
Tolpygo. We cite a powerful Premet's theorem describing iJ'(n; TV), where TV is an n-module 
which is not a g-module. 



§1. Introduction 

Though of 115 items of A. L. Onishchik's works hsted today by MathSciNet only a few 
are devoted to (co)homology and even these a few deal with topological questions (as fO]). 
rather than with "linear algebra" such as Lie algebra cohomology, the latter was one of 
the main topics of the Vinberg-Onishchik seminar and Onishchik's own and his students' 
studies some of which — partly unpublished for decades — we review below. It is at the 
above mentioned seminar that one of us (DL) became intrigued by the Nijenhuis bracket and 
deformation theory, a branch of which lately flourishes as the theory of Loo-algebras. The 
explicit definition of Loo-algebras is irrelevant here and we refer the reader to |JSlj . |JS2j . 
|JS3j . |HSj . |M] . Important for us is that various DG (differential graded) Lie superalgebras 
are examples of Loo-algebras. There are, however, not many explicit exaia^les of Loo-algebras, 
even of DG Lie superalgebras. 

Here we give several explicit examples of DG Lie superalgebras. The naturalist trying 
to list the cohomology species analytically is set back by the volume of the calculations. 
That is why computer-aided study, such as [Lij, the one we used here, or |(72j - |(7L2] . is 
indispensable. We also list three tasks we intend to consider shortly; our fourth task is 
to translate the theorems on Lie algebras mentioned in what follows into the realm of Lie 
superalgebras. 
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1. Origins of the problem: Cohomology in physics and mathematics. The electric 
charge and topological charges in gauge theories are given by de Rham cohomology — the 
pattern for formulation of various (co)homology theories, in particular, for Lie algebra coho- 
mology, see |GMj. For further numerous (but still covering only selected trends) examples, 
see, e.g., proceedings of the International conference "Cohomological Physics" |CPhj . |JSlj . 
|AKj . In short: cohomology is an important invariant. Here is one more application. 

Curvature as cohomology. The case opposite in a sense to that considered in ^ is 
of particular interest. Denote by rij the complement to a maximal parabolic subalgebra pi 
generated by all simple coroots, both positive and negative, except the i-th negative one, in 
any simple finite dimensional Lie algebra g. If Uj is commutative, the elements of H'^{ni;Q) 
can be interpreted as the values of the generalization of the Riemann curvature tensor at a 
point (see |LPSj ) and they ARE such values if q is the Lie algebra of 0{n) or 0{p, q). 

More generally, let P = Pi-^,,,i,, be any parabolic subgroup (generated by all simple coroots, 
both positive and negative, except the zi-st, . . . and z^-th negative ones) of a simple Lie 
group G and N the complementary Lie group (i.e., p © n = g, where p, n and g are the Lie 
algebras of P, N and G, respectively). Observe that if n is not commutative, the coset space 
G/P is non-holonomic (here: is endowed with a non-integrable distribution) and various 
cohomology of n give invariants of this non-holonomic manifold. Some of such invariants 
(the ones belonging to if^(n;0)) were recently interpreted as non-holonomic analogs of the 
curvature tensor, see |Llj . This interpretation is actually a lucid expression of Wagner's 
description of the nonholonomic analog of the curvature tensor performed in components, 
see )DGj and refs therein. 

For Lie algebras g, the cohomology H^ivi] g) was explicitly calculated until now only when 
n is commutative - the cases of compact hermitian symmetric spaces |LPSj . Now that we 
have Premet's theorem (below) we can use it to extract an explicit description of if^(n;g) 
for noncommutative n. This is our nearest task. 

The cohomology if*(n; g) for i = 1,2 constitute a part of the Lie superalgebra H'{n;Q) 
whose bracket is given by point-wise bracketing of the skew-symmetric functions — cocycles. 
To describe this Lie superalgebra is our second task. 

The above mentioned bracket in if'(n;g) is given by a scalar operator, and therefore is 
not so exciting as the bracket given by a first order differential operator (on an appropriate 
supermanifold) considered in this paper. 

There are two major types of cohomology of n: with values in g-modules and with other 
type of values. Accordingly, there are two types of results. 

Example 1: The BWB theorem. The Borel-Weil-Bott theorem (BWB) states |B] 
that, 

for any simple finite dimensional Lie algebra g, its maximal nilpotent subalgebra Umax 
and any (finite dimensional) irreducible Q-module M, the dimension H^{nmax', M) does not 
depend on M and is equal to the cardinality of the set of elements of the Weyl group W{q) 
of length i. 

A generalization of the BWB theorem holds also for the nilpotent subalgebras comple- 
mentary to any parabolic subalgebra of g (for references to ever more lucid and algebraic 
proofs of this algebraic theorem, see |T]). 

When the Lie superalgebra theory started to develop, being boosted by remarkable physi- 
cal applications, to superize the BWB theorem was one of the first problems. It soon became 
clear that there is no hope to get a neat super analog of the BWB theorem. More precisely, 
for the maximal nilpotent subalgebras, the theorems are relatively concise and resemble the 
BWB theorem, though the notion of Weyl group becomes vague and has several analogs in 
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super setting (see jPej . |PSlj . |PS2j ) . For the "opposite" case of the complements to the 
maximal parabolic super algebras, the answer is rather complicated as Poletaeva's results 
show [Pol^ (for the reader's convenience, they are collected under one roof in |Po2j ). 

Poletaeva's results, as well as ,LP^, demonstrate inevitability of computer-aided study 
(for more examples, see |GL2j ) of Lie algebra (co)homology too complicated to deal with 
with bare hands; especially so in super setting. 

Example 2: Prom Kostant and Leger— Luks to Tolpygo and Premet. There are 
plenty of n-modules which is not a g-modules, the adjoint one is a most interesting. In 
what follows we will briefly write instead of C^{n\ n) and similarly denote the spaces of 
cocycles, coboundaries and cohomology {Z^, , H^, respectively). We denote H' = , 
etc. 

Kostant |iKj calculated dim if ^; Leger and Luks |LLj calculated dimH^. No general the- 
orems on H'^ existed until in mid-1970's Tolpygo jT] computed dimH' and described the 
asymptotic behavior of dim as r — > cxd for /c < 4 and the maximal nilpotent subalgebra 
n of classical simple Lie algebra q of series sl(r), o(r) and sp(r). 

To write supergravity equations, we need, at least, their left hand sides, which are (parts 
of) nonholonomic curvature tensors with values in ii^(n;0) for some nilpotent subalgebras 
n of s[(A^|4), see [(jLlj . |LPSj . It is natural to compute similar cohomology for nonholo- 
nomic manifolds as well, various flag varieties, to start with. DL discussed the matter with 
A. Premet and instead got the following beautiful general answer to a related question |Prj . 
The proof is regrettably still unpublished. 

Hereafter the ground field is C; let denote the ith. simple root of a simple Lie algebra g. 

Theorem. (Premet) Let q he a simple finite dimensional Lie algebra, p+ its parabolic sub- 
algebra, p = p_ the opposite algebra and let n be complementary to p+. Let E{X) = Lx be an 
irreducible (finite dimensional) Q-module with highest weight A such that E c:^ E* . Let V be 
a subspace in E which is p_-invariant and contains E_ = © E^^. Let P{V) be the 

tJ.=Yl kiOi, ki<0 

set of weights of V and wq the longest element of the Weyl group and let p be the half sum 
of positive roots. Then, for any i < rk g, the following sequence is exact: 

0^ © E{-w{\ + p)+p) H'-\n;E{\)/V) 

{w(^W\l{w)=i-l,wwo{\)^P{V)} 

— >H'{n;V)—^ © E{-w{X + p)+p) — ^ 0. 

{w(^W\l{w)=i, wwo{X)^P{V)} 

It is very interesting to compute dim if' and dim if for various subalgebras n and all 
simple (finite dimensional, to start with) Lie algebras q, and also Lie super algebras. But the 
answer obtained in the form of dimensions of H'^, even if known, is not quite satisfactory. 

Indeed, the spaces £. = Il{C'~^^) and [. = Il{H'~^^) are endowed with natural structures of 
Z-graded Lie superalgebras (discovered by Nijenhuis in his, with co-authors, studies of tensor 
invariants used in physics, |FNj . [NRj). Now observe that nobody presents graded algebras 
by means of dimensions of their homogeneous components (e.g., we never introduce the 
polynomial algebra S'{q) as "a graded algebra whose degree k component is of dimension 
("fc^)")' usually present algebras in terms of generators and relations which is more 
graphic and more precise (the homogeneous components of U{q) have the same dimensions 
as those of S'{g) for any deform of g). Besides, given a Lie (super) algebra, to ''describe it" 
usually means to determine its semisimple part and the radical. 

The Lie superalgebras £. and I. are graded and endowed with parity as follows: 2j = 
n(C*-'+^) and ij = Il{H^~^^). In what follows we consider I.. The part [_i is obvious (especially 
if n is the maximal nilpotent subalgebra of a simple g), and every Ij is an [o-module. In 
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particular, if n is a Lie algebra, then to is a Lie algebra. The description of [q is a key step in 
the description of [.. The first examples (calculation of [. for g = st(2) and especially sl(3)) 
were very encouraging. Regrettably, for g 7^ sl{3) and its maximal nilpotent subalgebra, the 
answer is not so neat. 

2. Our result: examples of DG algebras and the list of their homologic elements. 

The notion of Loo-algebras appeared as a slackening of the notion of Lie algebra and a 
formulation of the notions that vaguely lingered in various problems cf., e.g., |JS2j . |JS3j . 
At the moment, there are not many explicit examples of Loo-algebras, though it is known 
that Lie algebra cohomology with values in the adjoint module, as well as the whole space 
of cochains, and any DG algebra, are such examples. Until this paper, nothing was known 
(as far as we know) about the structure of such DG algebras [.. To describe the whole of [., 
in particular, for NON-maximal nilpotent sublagebras n of any simple (finite dimensional) 
Lie (super) algebra g is our third task. 

Here we completely describe the Lie algebra Iq = n(if^) for the maximal nilpotent sub- 
algebra of any simple (finite dimensional) Lie algebra g and also the whole of 1. for g = g2, 
sl(2) and sl(3). We conjecture that the structure of [. is the same as for g = g2 for any 
g, except s[(2) and s[(3). The formulation of the result and conjecture (backed up with 
examples of g = si{n) for n < 5) was molded with the help of computer-aided experiments 
performed by one of us (|Lej). 

In numerous problems, the homologic elements in every Lie superalgebra (odd elements 
X such that [x,x] = 0), or rather the homology they determine, are vital, especially in 
deformation theory, see, e.g., |Gsj . |V2j . jMj; they characterize algebroids |Vlj and determine 
Lie algebras ( jL2 J). So we list them in [. for g = g2 and sl(3). 

The Lie superalgebra structure on Il{H'). Let R'^ be the set of positive roots, let the 
ep, where (3 G i?^, be elements of the (weight) basis of g (for example, the Chevalley basis 
if g is simple), let the be the elements of the dual basis. The basis of cochains is given 
by monomials a, 6, c G C of the form 

® /f ^ A ... A /f"* , where (by abuse of notation) i = a,b, c. 

Set 

a-b = Y.^-ir-'ft{e\)el ® A ... A ft A ... A /f- A A ... A /f- 

k=l 

and define the bracket on n(C"), where 11 is the shift of parity functor, by the formula 
(hereafter p(a) is the parity of a in n(C"), so, for Lie algebras g, it is equal to dega ± 1) 

(1) [a,h]=a-h-{-lf'^''^P^%-a. 

It is subject to a direct verification that (1) defines the Lie superlagebra structure on £.+1 = 
n(C"+i), and 

(2) d[a,h] = [da,b] + (-l)P('^)[a,rf6]. 

Therefore Il{Z'^^) is a subalgebra of n(C"^^) and Il{B'^^) is an ideal in Il{Z'^^). Hence, 
we have a DG Lie superalgebras structure on := H(C""^^) and [. := H(_fL+^), cf., e.g., 
|JS3j . The differential in I. is zero and [. often is very small, so Il{Z'~^^) might be more 
interesting than [. in some questions, cf. sec. 3. 

For any maximal nilpotent subalgebra n of any simple (finite dimensional) Lie algebra g, 
the space [_i is, clearly, one- dimensional. 

Let us describe the Lie algebra [q = n(if^). Select a basis of n consisting of root vectors 
6/3. It is convenient to select a basis in which the structure constants have the least possible 
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absolute values. The Chevalley basis is (the only) such basis and we select it for definiteness 
sake. Let n = rk g. The Z^-grading of n by roots induces a Z"-grading of C and we denote 
by C* the subspace of of weight 7. 

2.1. To formulate our main result, we denote by yU the (obviously, unique) maximal root 
in g, and by /(a) the level (i.e., the sum of coordinates with respect to the basis of simple 
roots) of the root a. For i = 1, . . . , n = rk g, let 

TJii = max{m G Z+ | fi — kai G for any A; = 0, 1, ... , m}. 

Let a = J2i<i<n^i(^)^i decomposition of a weight a with respect to the simple 

roots. 

Theorem. If q ^ s[(2), then dimH^ = 2n ( K ), and for a basis one can take the cocycles 

(3) = 5^ A,(«)e„®r 

and 

(4) hi = e^^®f°'\ where 'ji = fi - ruiai, 
where i = 1, . . . ,n. Further, for g 7^ sl(2),s[(3), we have 

(5) [ci,Cj] = [bi,bj] = 0, 
and 

(6) [ci,bj] = Wi{bj)bj, 
where w(b) = {wi{b), . . . ,Wn{b)) is the weight of the cochain b. 

2.2. Proof. We start with the following Lemma. 

2.2.1. Lemma, a) dimi^Q = n and for a basis one can take the cocycles (3). 
b) [cj, Cj] = for all i and j . 

Proof, a) Clearly, Bq = 0, so Hq = Zq. Further, the cochain 

c = ^ a(a)e„ (g) 

is a cocycle if and only if 

(7) a{a + (3) = a{a) + a(/5) whenever a, /?, a + /3 G R^. 

It is evident that functions Ai on R'^ satisfy (6) and, by the induction on the level of the 
weight (in our case, the sum of the coefficients of the weight in the decomposition with 
respect to simple roots, see |FHj ) we prove that the set {Aj}"^^ forms a basis in the linear 
space of functions a : i?"*" — > C with property (6). 

b) is straightforward. □ 

2.2.2. Lemma. The cochains (4) are non-trivial linearly independent cocycles. 

Proof. First, observe that the bi are not co-boundaries because the weight Pi = 'ji — ai of bi 
is not a root, and hence there are no co-boundaries of weight jSi in C^. 
Let us verify that dbi = 0. By definition, we have 

It is clear that 

df^'ie^^ep) = r'([e,,e^]) = N^pf'^ica+p) = 
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because is a simple root and equality a + /? = is impossible for any positive roots a 
and (3. Further, 

The right hand side of this expression is nonzero only if /3 = a + 7^ is a positive root. Since 
/i is the maximal root and kai is not a root for any simple root and any integer k > 1, 
we see that 

where N^p = if a + /5 is not a root. Hence, 

dh = d{e^^ ® /"O = de^^ A - e^, ® t//"' = N^,^,^e^^+a. ® A = 0. 
Since the weights of bi are distinct, they are linearly independent. □ 

Formula (6) is a particular case of (8), see sec. 2.4.3. 

So we have 2n linearly independent nontrivial 1-cocycles; by Kostant's result (TT), they 
form a basis in H^. To complete the proof of the theorem, we establish the following Lemma. 

2.2.3. Lemma. // the level of n is > 5, then hj] = for all 

Proof. From the definition of the bi we see that 



As is known ( jFHj ) . in any simple finite dimensional Lie algebra g, the "arithmetical se- 
quence" of weights whose difference is a positive root can not have more than four roots. 
Hence, mj < 3 and level of the root 7j = /i — rriiai is > 2. So, 7j is not a simple root and, in 
particular, 7^ 7^ aj. Hence, /"j(e^.) = for all □ 

It is easy to see from the list of simple finite dimensional Lie algebras that the level of n 
is < 5 only for the following g: 

Ai, A2, A3, A4, B2. 

Computer calculations show that (5) holds for all algebras in the above list, except Ai = sl(2) 
andA2 = 3[(3). □ 

2.3. The "exceptional" cases s[(2) and 3[(3) are described as follows. 

Lemma. s[(2).- [. = [q = Span(ci) is commutative; 
sl{3): to ~ 0l(2) with [hi, 62] = C2 - Ci. 

Let L"' be the irreducible gl{2)-module with the highest weight n with respect to s[(2) and 
the value c on the center, I2 G flt(2). Then, as [q — qI{2) -modules. 

Proof. The statement about s[(2) is obvious, that about s[(3) follows from the multiplication 
table 2.4.5. □ 



2.4. Lie superalgebra [. = H(if ■+^) for Q = Q2 and sl(3). 
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2.4.1. The case of g = 02- 

Theorem. For g — Q2, the basis o/H' is given by the following list. The multiplication table 
given in sec. 2.4.2 implies that I. is solvable and the nonzero terms of the derived series are 
as follows (where l(o) = i, = [I, ): 

[(1) = HO e Span(/ii, h\) e e e e H6; 
[(2) = Span(/i^, h\, hi hi hi hi hi hi hi hi hi 

hi hi hi hi hi hi hi hi hi hf, hi); 
[(3)= Span(/i|, /i^). 

2.4.2. The basis of H" for g = 52- H°: /i? = 623 
H^: 

h\ := ci = 2eo,i ® /"^^ - 3ei,o /^'° - ei,i /^'^ + ei,2 ® /^'^ + 3ei,3 ® /^'^ 
:= C2 = ei.o ® /^'° + ei,i (g) /^'^ + 61,2 + 61,3 ® f'^ + 2e2,3 

hi = ei,3 ® /''° 
K = 62,3 ® /°'' 

hi = -60,1 ® /^'° A /i-i + ei,3 ® /^'O A 

/i2 = _68eo 1 ® /°'^ A /I'l + 216ei ® /^'° A /^'^ + 74ei 1 ® /^'^ A /^'^ + 39ei 2 ® /^'° A /^'^ + 
31ei,2 ® /^'^ A - 9ei,3 ® /°-' A /^'^ + 108ei,3 ® A /^'^ + 9e2,3 ® A /^'^ 

^i = -eo,i®/°''A/i'0+ei,i®/i'OA/i'i+2ei,2®/^'°A/i'2+3ei,3®/i'°Ar'=^+3e2,3®/^'° A/2.3 

/'^ = ei,3 ® /^'° A /I'l 
hi = ei,o ® /"'^ A f'^' 

hi = llei ® /°'^ A /I'l + 14ei 1 ® /O'^ A /^'^ + 9ei 2 ® /°'' A /^'^ + 862 3 ® A /^'^ 

/i? = ei,o ® /°'' A /I'O + ei,i ® /O'l A /I'l + ei,2 ® A /^'^ + 6^,3 ® /o,i ^ /li + 2e2,3 ® /°'' A /^'^ 

H^: 

/i? = -18eo 1 ® /°'^ A /i'^ A - 9eo 1 ® /^'° A /^'^ A /^'^ + 60ei ® /^'° A /^'^ A /^'^ + 21ei 1 ® 
/^'O A A + 10ei,2 ® /^'° A A /^'^ + 12ei,2 (^f'^^Af^'^A f^' + 30ei,3 ® /^'^ A /^'^ A /^'^ 
/ii = 13eo 1 ® /^'° A /^'i A + 6ei 2 ® /^'° A /^'^ A /^'^ + 9ei 3 ® /^'° A /^'^ A /^'^ 
= ei,3 ® /^'° A /I'l A 

/il = -217eo i®/°'iA/i'2A/^'3 + 124ei 0®/°^^ A/^'^ A/2'3+62ei o^/^'^A/^'^ A/i"'^ + 183ei 1® 
fO,i ^ f i,2 ^ p,?:^ 28ei 1 ® /I'l A A /^'^ + 126ei 2 ® /°'^ A /^'^ A /^'^ + 127e2 3 ® /^'^ A /^"^ A /^'^ 

/^i = ei,o ® A A f^^^ 

= ei,o ® /°'^ A /^'i A + 2ei,i ® /^'^ A /^'^ A /^'^ 
/i^ = 28ei ® /°'^ A A - 3ei ® /°'^ A /^'^ A /^'^ + 19ei 1 O /°'^ A /^'^ A /^'^ + 19ei 2 

h\ = eo,i ® /^'° A /I'l A A 

/il = _4e„ ^ /o,i A /i.o A A /^-S + 35eo 1 ® /^'° A /^'^ A /^'^ A /^'^ - 31ei 1 /^'° A /^'^ A 

/1,2 ;\ J2,3 _ igg^ ^ ^ Jl,0 /\ ^ fl,3 ^ f2,3 1 27e, 3 ® /l'^ A /^'^ A /^'^ A 

hi = 6o,i®f'^'Af'^'^Af'''Af''' + 6i,2®f'^'Af'^^Af'^'Af''' + 2e,,3^f''^Af'''Af''^Af''^ 
/i4 = eio®r'^A/i'2A/i-^A/2'3 

= ei'o ® f'^ A /I'l A A + 2ei,i ® /O'^ A /^'^ A /^'^ A /^'^ 
/i4 = iieo 1 ® /o-i A /I'l A A - 4ei ® /°'^ A /^'^ A /^'^ A /^'^ ~ 4ei o ® /^'° A /^'^ A 

Jl,2 /\ f l,3 _ 7g^^^ ^ J0,1 ^ fl,l ^ fl,2 ^ p,3 1 9g^^^ ^ J0,1 /\ /\ Jl,3 A _^2,3 _ 5^^ ^ ^ jO,l /\ 

Jl,2 ^ fl,3 ^ p,3 + e2 3 A A A 
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hj = eio<» /°'^ A /I'O A f'^ A f'^ + ei 1 f'^ A f'^ A f'^ A f'^ + 63 3 /°'^ A /^'^ A /^'^^ A f'^ 

h\ = eoi® /^'° A /I'l A A A /^-^ 

= -eo 1 ® /O'l A /I'l A A A /^'^ + ei ® Z^'" A /^'^ A /^'^ A /^'^ a /^'^ 
/'I = eo,i ® /"'^ A /I'O A /I'l A A - e,,^ ® /^'^ A f^'' A /^'^ A f''^ A /^'^ 
/^i = ei ® /°'' A /I'l A A A 

= ei ® /°'' A /I'O A A A f^^ + ei 1 ® /O'^ A /^'^ A /^'^ A /^'^ A f^^ 
H^: 

/i6 ^ eo 1 /°'^ A /I'O A /I'l A /^'^ ^ fi,3 ^ f2,3 
hi = ei'o (8) /°'^ A /I'O A /I'l A /^'^ /y Jl,3 J2,3 

2.4.3. The multiplication table in H'. Observe that the Cartan subalgcbra f) of g 
naturally acts on n and C . The image of {) in = 0t(n) is precisely Span(ci | i — 
1, . . . , rk 0), so we will save several lines in the multiphcation tables x H'^ here and in 
sec. 2.4.5 by replacing them with a generalization of formula (6): 

(8) [ci, c] = Wi{c)c for any chain c of weight w{c). 

HO X H^: 





h\ 


hi 


hi 


hi 


hi 





-2h1 









HO X H^: 





hi 


hi 


hi 


hi 








hi 


hi 

















2/ii 



HO X H^: 





hi 






hi 


hi 








hi 


18 "a 





-hi 


434 L 2 

33 















HO X H^: 





ht 


hi 




h'i 


h^ 


ht 




hi 


22 "'2 







hi 











HO X H^: 





hi 


h'. 




hi 




hi 


93 "'2 


103 











HO X H*^ = 0: 

Hi X H^ = (except for (8)) 
H^ X H^: 





hi 


hi 


hi 


hi 


"■5 


/ig 


hi 


hi 





324hl 

















hi 
























H^ X H=^: 
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X H^: 





hi 


hi 


H 


hi 


H 


U3 


hi 


hi 




90hl 























hi 






























hi 


hi 


hi 


hi 


"■5 


h^ 




hi 











3_l4 

103 "6 











hi 
























X = (except for (8)) 
Hi X = (except for (8)) 
H2 X H^: 





/'I 


/'5 




/'I 


H 






hj 





-324/^3 
















hi 







144/i3 





108/1? 








hi 












10 l3 
103 ""8 








hi 




















"'5 





































hi, 


















H2 X H^: 





hi 




hi 


hi 




hi 


hi 


hi 


hi 











-7hl 





103 "6 








hi 


4320 1,4 
31 '^2 








140616 a4 
103 "6 














hi 


-150/i| 














3 '^7 








hi 






























103 "-6 




















h'^ 


1980 L 4 

103 


































-434/i^ 















H2 X H^: 
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hi 


hi 


hi 


hi 


h^ 


h"^ 


h^J 


hi 











hi 











hi 











432/if 











hi 











5hl 











hi 























h"^ 


hi 




















h^ 























h} 


-3/ii 





















H2 X H^: 





hi 


hi 


hi 


hi 


hi 


hi 














2h\ 


hi 














-A32hl 


hi 





-lOhf 





lOhl 





hi 

















hi 








-2hl 








hi 



















-6hl 


-6hl 














hi 


hi 


hi 


hi 


hi 


l3 

"'6 


hi 


hi 


hi 










13020/ii 





120hl 








hi 
























hi 























hi 






















hi 





















hi 




















h^ 



















coco 



















X H^: 
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ht 


hi 


hi 


h\ 


ht 


/ig 




hi 




















180/i^ 


hi 























hi 























hi 








-868/1? 














hi 











Ihhl 











hi 








Ahl 














hi 























hi 


-lOShl 





















For the (boring) details of the proof and the (hvely) program we used, see |Lej . 

2.4.4. The basis of H' for g = s[(3). H° : /i? = ei,i 

(where Cj = Ea^ h\ and h\ are the raising and lowing operators of si{2)): 



h\- 


= eo,i (8 






hl 


= Ci - 


C2 = -eo,i ® /°'' + ei,o ® /^'^ 




h\ 


= ci + C2 = eo,i ® /°'^ + ei n ® /''° + 2ei,i g 




h\-- 


= ei,o (8 






H2 








hl- 


= eo,i (8 






hl-- 


= -eo,i 


® /o,i A /i.i + ei,o ® A /I'l 




hl-- 


= eo,i (8 


) f'^ A /I'O - ei,i ® /I'O A /I'l 




hl-- 


= ei,o (8 


) A /I'l 




"'5 ' 


= ei,o (8 


) A /I'O + ei,i ® /O'l A /I'l 




H3 








hi -- 


= eo,i (8 


) A /I'O A /I'l 




hl- 


= ei,o (8 


) /O'l A A /i'^ 




2.4.5 


. The multiplication table in [. for q = 


si 




X H^: 









h[ 


hi 


hi 


hi 


h\ 








-2h\ 









Ki 


h'i 




K 


'h 


hi 


h[ 


hi 





hi 






HO X H^: 





hi 


hi 


hi 




2 '''5 



X H^: 





h[ 


hi 


h[ 





-hi 


hi 








X H^: 





Ki 


h'i 


hi 




hi 


h[ 





2Ki 







hi 


hi 


Ki 


-2Ki 


K^ 
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X H^: 





Ki 


Ki 


hi 





Ki 


hi 


Ki 






H2 X H 



2. 





hi 


hi 


Ki 


hi 




Ki 
















Ki 








2hl 





-2hi 


Ki 





2hl 





-2hi 





Ki 








-2hi 








K^ 

"'5 


-2hl 


-2hi 












2.5.1. The homologic elements in [. for g = 02- Let x e L be a homologic element 
(odd and such that [x, x] = 0). Then x is of the form 



(9) 



x 



x° + x^ + x^ + x^, where x' ^i^) ^ 



a) x^ 



if 



0. In this case the condition [x, x] = takes the form 

[x^a;^]=0 and [x^a:^] = 0. 

Let us find first the form of x^. From the multiplication tabic wc deduce that 
and only if the support of (the indices of) nonzero coefficients in the sum = kjh'j — 
a subset of the set (1, 2, . . . , 7} — is of the form AU B, where A C {4, 6} and B is only one 
of following 

0; {1}; {2}; {3}; {5}; {7}; {1,3}; {1,5}; {2,7}; {3,7}; {5,7}. 
We have [x^, x^] = if and only if the following conditions hold: 



So, the homologic elements with x° = are of form 

X — y + z, where y e Span(/i4, /ig, /ig, h^, Hq, h^, h^, h^) 
and z is one of the following: 

kfhl + klhj + kfhf + kjhi with kjkj + klkf = 0; 
kc^h^ ~\~ k'jh'j ~\~ k^h^. 

b) x° 7^ 0, i.e., A;° 7^ 0. Then since [H°, H^] = 0, the condition [x, x] = holds if and only 

if 

[x°, x^] = 0; [x°, x^] + [x^, x'] = 0; [x^ x^] = 0. 
Using once more the multiplication table, we deduce that x is homologic if and only if 
X — y + z, where y E Span(/i4, /ig, /ig, h^, h^, h\, 



LIE SUPERALGEBRAS IN COHOMOLOGY 13 
and z is only one of the following (for a 7^ and any /3, 7 G C): 

«/i; + /5/ii + 7(/^l + 540f/i^); 

2.5.2. The homologic elements in [. for g = sl(3). Let x G t. be a homologic element. 
Then x is of the form x = x° + x^, cf. (7), and hence x is homologic if and only if 

[x°,x^]=0 and [x'^,x^] = 0. 

a) x^ 7^ 0. One can see from the multiplication table, that [x°,x^] = if and only if 

1,07.2 _ 7,0^2 _ LO7.2 _ Q 

e.g., in this case kf = k"^ = kl = 0. So, we need x G Span(/i5, /^i, /^s). One can also see from 
the table, that 

K hi] = K hi] = [hi hi] = 0, 
i.e., any x G Span{h^, hf, hi) is homologic. So, the final answer is: 

X = ah\ + hhl + chl for a 7^ and any 6, c G C. 

b) x" = 0. Clearly, the elements that belong to either L^'~^ or L}'~^ are homologic. But 
there are also "mixed" elements x^ satisfying [x^,x^] = 0. From the multiplication table we 
deduce that [x^, x^] = if and only if 

So, the answer in this case is: 

X = ahl + hh\ + chl + (i/i4 + e/ig, where ae — 6c = 6e + cd = 0. 

3. A discussion. After a nice example of [. for q = si{3) it was rather discouraging to 
discover the lack of simple components in [q for all other algebras 0. Could it be that the 
"big" DC Lie superalgebra £. = Il{C'~^^) is more interesting than [.? Let us consider two 
examples. 

3.1. The Nijenhuis bracket. Recall that the Nijenhuis bracket, with which all similar 
examples started, is defined on the space of sections of fl' Vect, where J-', Vect and fl' are 
the sheaves of functions, vector fields and differential forms on a given manifold. Hereafter 
tensoring is performed over J-' and sheaves are replaced by modules and rings of sections. 
The Nijenhuis bracket is defined, for any a;*^ G fl'^, cu' G Q'' and ^,''7 G Vect, to be 

u'' ® ^, cu' ® ?7 t-^ (tu^ A u'-) (g) 1]] + 

{uj'' A L^{J) + A i(0(^')) ® V+ 

where l is the inner product and Lx is the Lie derivative with respect to the field X. The 
Nijenhuis bracket has the following interpretation which implies its invariance: the invariant 
operator D : {Q'' (g)^ Vect(M), fi") — > Q' given by the formula 

d {00'' A + (-1)''^^'= A tiOiduj) = du^ A 6(0M + (-1)''^^'= A L^{uj) 

is, for a fixed uj^ ® S,, a superderivation of the super commutative superalgebra VL' and the 
Nijenhuis bracket is just the supercommutator of these superderivations, see jCillj . So we 
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can identify Q' Vect(M), with the centrahzer C{d) of the exterior differential considered 
as a vector field on M, where M is the supermanifold (M, Q'{M)): 

C{d) = {De Dect(M) I [D,d] = 0}. 

(Here by oect we denote the Lie superalgebra on the space of sections of the sheaf Vect.) 

In contradistinction with a rich algebra of chains £. = C{d) we have l. = (at least, 
locally). The above applies to supermanifolds M as well. 

3.2. On formula (1) and the codifferential d. Formula (1) shows that £. is isomorphic 
to the simple Lie superalgebra Dcct(dimn(n)) of polynomial vector fields on the superspace 
n(n))* regardless of multiplication in n. 

The exterior differential in the cochain complex C is just a homological vector field of 
degree 1 in oect(dimn(n))). The definition of the codifferential d shows that if the bracket 
in n vanishes identically, as is the case for Hermitean symmetric spaces X = G/P, the 
differential d is also zero and [. = Dect(dimn(n)). 

In Example 3.1, d = ^i^; where = dxi. In this realization, c? is a degree "maximally 
nondegenerate" (see |V2j ) vector field. 

If n is a simple Lie algebra, the degree 1 vector field in t)ect(dimn(n))) is also "maximally 
nondegenerate" but, unlike degree fields, its explicit form is rather complicated, except for 
sl(3) and Qi{n), cf. pj . 

Whatever the form of d, here is an implicit description of various DG Lie superalgebras: 
in tiect(m|n) = OerC[X], where X = (xi, . . . ,Xm,^i, ■ ■ ■ ,^n) and where deg Xj = 1 for all 
i, fix an element d of degree 1. Then the centralizer C{d) is a subalgebra in t)ect(m|n) and 
C{d)/lm d are DG Lie algebras. In sec. 2 we explicitely described [. = C{d)/lm d related 
with the nilpotent Lie algebra structure on n(t)ect(0|n)_i). 
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